This paper is concerned with the following second-order nonlinear differential equation:
Introduction
In applied science, some practical problems such as nonlinear oscillations [, ], fluid mechanical and nonlinear elastic mechanical phenomena [-] are associated with the periodic solutions of nonlinear high-order differential equations. Recently, Bereanu [], Zhao et al. [] and Fan et al. [] investigated the existence of T-periodic solutions for the following fourth-order nonlinear differential equation:
x (t) + ax (t)px (t) + qx (t)g t, x(t) = e(t).
(.)
Xu et al. [] dealt with the existence of T-periodic solutions for the second-order nonlinear differential equation as follows:
x (n) (t) + h x (n) (t) x (n+) (t) -P x (t) x (t) + f x(t) x (t)g t, x(t) = e(t), (.)
where n ≥  is an even integer, h, P, f , e : R → R and g : R  → R represent continuous functions, e and g respectively denote the T-periodic and T-periodic in the first argument and T > . However, to the best of our knowledge, most authors mentioned above have only considered the existence of periodic solutions of Eqs. (.) and (.). There are still few studies on the uniqueness of periodic solutions for these equations. Thus, in this case, it http://www.journalofinequalitiesandapplications.com/content/2013/1/115 is worth investigating both the existence and the uniqueness of periodic solutions for a high-order nonlinear differential equation.
In this paper, we study the existence and uniqueness of T-periodic solutions for the second-order nonlinear differential equation
where n ≥  is an even integer, f k , e : R → R and g : R  → R represent continuous functions and f k (k = , , . . . , n + ) are bounded, e and g respectively denote the T-periodic and T-periodic in the first argument and T > .
For ease of exposition, we will adopt the following notations throughout this paper: T] x(t) ,
be Banach spaces with the norms
To obtain our results, we also make the following assumptions: (S) There exists d >  such that, for any continuous T-periodic function x, we have 
and
Preliminaries
The following lemmas will be useful to prove our main results in Section . Letf : R n+ → R be a continuous function, T-periodic with respect to the first variable, and consider the second-order differential equation
Assume that the following conditions hold.
(i) There exists ρ >  such that, for each λ ∈ (, ], one has that any possible T-periodic solution x of the problem
satisfies the a priori estimation
Then (.) has at least one T-periodic solution x such that x (n-) < ρ.
From Lemma . in [] and the proof of inequality () in [, p.], we obtain the following.
For any x ∈ C n T , one has that Now, let
For λ ∈ (, ], we consider the second-order differential equation In view of (.) and (.), we get
On the other hand, multiplying Eq. (.) by x and integrating it from  to T, we obtain Combining (.), (.), (.) and (.), we obtain
Now suppose that (S) (or (S)) holds, we will consider two cases as follows.
Case (i). If (S) holds, then
which implies that there exists a positive constant C n satisfying
Case (ii). If (S) holds, (.) and (.) yield that
 http://www.journalofinequalitiesandapplications.com/content/2013/1/115
which implies (.) holds.
Thus, from (.), (.), (.) and (.), we can choose a constant C * independent of λ and x such that
This completes the proof of Lemma ..
Lemma . Suppose that (S) (or (S)) hold, then (.) has at most one T-periodic solution.
Proof Suppose that x  (t) and x  (t) are two T-periodic solutions of (.). Set Z(t) = x  (t)x  (t). Then we obtain
Therefore, in view of the integral mean value theorem, it follows that there exists a con-
From (S) (or (S)), we get
which together with (.) implies
(.) http://www.journalofinequalitiesandapplications.com/content/2013/1/115
Multiplying (.) by Z(t) and integrating it from  to T, we obtain
Now suppose that (S) (or (S)) holds, we will consider two cases as follows. Case (i). If (S) holds, (.) and (.) yield that
which together with (.) and (.) implies that Z (n) (t) ≡ Z (n-) (t) ≡ · · · ≡ Z (t) ≡ Z(t) ≡  for all t ∈ R.
Hence, Eq. (.) has at most one T-periodic solution. Case (ii). If (S) holds, (.) and (.) yield that which together with (.) and (.) implies that Z (n) (t) ≡ Z (n-) (t) ≡ · · · ≡ Z (t) ≡ Z(t) ≡  for all t ∈ R. http://www.journalofinequalitiesandapplications.com/content/2013/1/115
